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QUANTIZED GROMOV-HAUSDORFF DISTANCE 


WEI WU 


Abstract. A quantized metric space is a matrix order unit space equipped 
with an operator space version of Rieffel’s Lip-norm. We develop for quan¬ 
tized metric spaces an operator space version of quantum Gromov-Hausdorff 
distance. We show that two quantized metric spaces are completely isometric 
if and only if their quantized Gromov-Hausdorff distance is zero. We establish 
a completeness theorem. As applications, we show that a quantized metric 
space with 1-exact underlying matrix order unit space is a limit of matrix 
algebras with respect to quantized Gromov-Hausdorff distance, and that ma¬ 
trix algebras converge naturally to the sphere for quantized Gromov-Hausdorff 
distance. 


1. Introduction 

Following up the compact metric spaces given by Connes in connection with his 
theory of quantum Riemannian geometry defined by Dirac operators |3|, Rieffel 
defined the notion of a compact quantum metric space (A, in ^7| as an order 
unit space A equipped with a Lip-norm which is a generalization of the usual 

Lipschitz seminorm on functions which one associates to an ordinary metric. Many 
interesting examples of compact quantum metric space have been constructed m 
Enniiini. Motivated by the type of convergence of spaces that has recently begun 
to play a central role in string theory, Rieffel introduces the quantum Gromov- 
Hausdorff distance for the compact quantum metric spaces as a quantum analogue 
of Gromov-Hausdorff distance, and shows that the basic theorems of the classical 
theory have natural quantum analogues. 

In |2()| and |21|. we formulated matrix Lipschitz seminorms on matrix order unit 
spaces. This operator space version of Lipschitz seminorm has many nice properties 
which are similar to those for ordinary metric spaces. These data may then be 
thought of as some ‘noncommutative metric spaces’. So it is natural to ask, as does 
Rieffel in ^7|, if it is possible to develop a corresponding operator space version of 
quantum Gromov-Hausdorff distance. This is the aim of the present article. 

In contrast to the matricial quantum Gromov-Hausdorff distance in and op¬ 
erator Gromov-Hausdorff distance in [H], our quantized Gromov-Hausdorff distance 
operates entirely at the “matrix” level. Not only the matrix state spaces but also 
the matrix Lipschitz seminorms and the complete isometries are brought into our 
picture. This should be important in the background of operator systems. 

The paper has eight sections. Section 2 contains preliminaries, mainly to fix 
some terminology and notation. In Section 3 we define quantized metric space and 
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develop an operator “quotient”. Section 4 defines our quantized Gromov-Hausdorff 
distance, and we prove that it satisfies the triangle inequality. Section 5 deals 
with the operator Gromov-Hausdorff distance zero. We establish that it implies 
a complete isometry. Section 6 treats the completeness theorem of the complete 
isometry classes of quantized metric spaces. In Section 7 we show that a quantized 
metric space with 1 -exact underlying matrix order unit space is a limit of matrix 
algebras with respect to quantized Gromov-Hausdorff distance. It is established 
in Section 8 that matrix algebras converge naturally to the sphere for quantized 
Gromov-Hausdorff distance. 


2. Preliminaries 

All vector spaces are assumed to be complex throughout this paper. Given a 
vector space V, we let Mm,n{V) denote the matrix space of all m by n matrices 
V = [vij] with Vij £ V, and we set Mn{V) = Mn^n{V). li V = C, we write Mjn,n = 
and = Mn,n{C), which means that we may identify Mm,n{V) with 
the tensor product Mm,n®V. We identify Mjn,n with the normed space S(C", C™). 
We use the standard matrix multiplication and *-operation for compatible scalar 
matrices, and 1 „ for the identity matrix in M„. 

There are two natural operations on the matrix spaces. For v £ Mm,niV) and 
w £ Mp^q{V), the direct sum v (Bw G Mjn+p,n+q{V) is defined by letting 

r z; 0 

v®w= _ , 

0 w 

and if we are given a £ Mm,p, v £ Mp^g{V) and [3 £ Mq^n, the matrix product 
av[3 £ Mm,n{V) is defined by 


avf3 = 


O-ikVklf^lj 

k,l 


A *-vector space P is a complex vector space together with a conjugate linear 
mapping v i—> v* such that v** = v. A complex vector space V is said to be matrix 
ordered if: 

( 1 ) P is a ^-vector space; 

( 2 ) each Mn{V), n £ N, is partially ordered; 

(3) 7 *M„(P )+7 C Mm{V)^ if 7 = [ 7 ^^] is any n x m matrix of complex 
numbers. 

A matrix order unit space (V, I) is a matrix ordered space V together with a dis¬ 
tinguished order unit 1 satisfying the following conditions: 

( 1 ) V'*" is a proper cone with the order unit 1 ; 

(2) each of the cones Mn{V)^ is Archimedean. 

Each matrix order unit space (V, I) may be provided with the norm 


\H = inf 


t £ M : 


tl V 
V* tl 



As in ini, we will not assume that V is complete for the norm. 

If V and W are *-vector spaces and (p : V 1 —> IF is a linear mapping, we have 
a linear mapping if* : V 1 —> W defined by p>*{v) = (p{v*)*. 
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Given vector spaces V and W and a linear mapping (p : V i—> W and n S N, 
we have a corresponding (/?„ : Mn{V) i—> Mn{W) defined by 

‘PniiVij]) = Mvij)]. 

If V and W are vector spaces in duality, then they determine the matrix pairing 

M„(G) X M^{W) I—> Mnm, 

where 

•C [vij], [wki] >= [< Vij,Wki >] 

for [vij] e Mn{V) and [wki] G Mjn{W). 

A graded set S = (S'„) is a sequence of sets 5'„(n G N). If F is a locally convex 
topological vector space, then the canonical topology on Mn{V){n G N) is that 
determined by the natural linear isomorphism Mn{V) = IG" , that is, the product 
topology. A graded set S = (S'„) with 5'„ C M„(IG) is closed or compact if that is 
the case for each set 5'„ in the product topology in Mn{V). Given a vector space V, 
we say that a graded set B = (Bn) with Bn Q Mn{V) is absolutely matrix convex 
if for all m, n G N 

(1) Bni 0 Bn G Bjn+n] 

(2) aBmP Q Bn for any contractions a G Mn,m and (3 G Mm,n- 

A matrix convex set in G is a graded set K = (Ar„) of subsets Kn Q Mn{V) such 
that 

k 

X! A*G Kn 

i^l 

for all Vi G Km and 7 ^ G for i = 1,2,-- - ,fc satisfying = In- 

Let V and W be vector spaces in duality, and let S = (Sn) be a graded set with 
Sn C Mn(y). The absolute operator polar S® = (S'®) with S® C Mn{W), is 
defined by S® = {w € Mn{W) : || ^ i;, w » || < 1 for all v G Sr,r G N}. The 
matrix polar = (S)() with C M„(IT), is defined by S)( = {w G M„(IT) : 
Re v,w :$>< li-xn for all v £ Sr,r £ N}. Given a subset S C V, the absolute 
polar of S is defined by S° = {w G IT : | < u, w > | < 1 for all w G S}. 

A gauge on a vector space T is a function g : V 1 —> [0, +cx)] such that 

( 1 ) giv + w) < g{v) +g{w)-, 

( 2 ) g{av) < \a\g{v), 

for all v,w £ V and a G C. We say that a gauge g is a seminorm on V if g(v) < +00 
for all V £ V. Given an arbitrary vector space V, a matrix gauge Q = ((?„) on V is 
a sequence of gauges 

gn ■■ M„(V) I—> [0,+oo] 

such that 

( 1 ) gm+n(vQw) = max{gm(v), gn(w)}; 

(2) gniavP) < \\a\\gmiv)\\/3\\, 

for any v £ Mm{V), w £ Mn{V), a £ Mn,m and (3 £ Mm,n- A matrix gauge Q = 
(gn) is a matrix seminorm on V if for any n £ N,gn{v) < +00 for all v £ Mn{V). 
If each gn is a norm on MnlV), we say that ^ is a matrix norm. An operator space 
is a vector space together with a matrix norm on it. For a matrix order unit space 
(V, I), it is an operator space with the matrix norm determined by the matrix order 
on it. 
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3. Quantized metric space 
First we recall the following definitions given in naEH: 


Definition 3.1. Given a matrix order unit space (V, 1), a matrix Lipschitz semi¬ 
norm C on (V, 1) is a sequence of seminorms 

: M„(V) ^ [0,+(X)) 


such that 

(1) the null space of each L„ is M„(C1); 

(2) Lra+n{v ® w) = max{Lm(w), L„(w)}; 

(3) L„iavf3) < \\a\\Lmiv)\\l3\\-, 

(4) Lm{v*) = Lm{v), 

for any v G Mm{V), w G Mn{V), a G Mn,m and /3 G Mm,n 


Let (V, 1) be a matrix order unit space. The matrix state space of (V, 1) is the 
collection C5(V) = (C'S'„(V)) of matrix states 

CSn(y) = {‘z? : is a unital completely positive linear mapping from V into M„}. 

If £ = {Ln) is a matrix Lipschitz seminorm on (V, 1), we have a collection = 
of metrics on C5(V) given by 


Ip) = sup{|| ^ a » — «C '0, a » II : a G Mr{V), Lr{a) < 1, r G N}, 

for ip,ip G CSn(y) (notice that it may take value +oo). And in turn we obtain a 
sequence C-pc = of gauges on (V, 1) by 

<(/?, a» — 


(a) = sup 
for all a G Mn{V). 




: (p,'tp G CSriy), if 'ip,r gN 


Definition 3.2. Let (V, 1) be a matrix order unit space. By a matrix Lip-norm 
on (V, 1) we mean a matrix Lipschitz seminorm C — (Ln) on (V, 1) such that the 
2?£-topology on C5(V) agrees with the BW-topology. 


We are now prepared to make: 


Definition 3.3. By a quantized metric space we mean a pair (V, C) coirsisting of 
a matrix order unit space (V, 1) with a matrix Lip-norm £ defined on it. 

Example 3.4. Let {X,p) be an ordinary compact metric space, let A denote the 
set of Lipschitz functions on X, and let Lp denote the Lipschitz seminorm on A. 
Then A C C{X), and for f,gGA and a G C, we have 

Lpif*) = Lp{f), Lp{af) = \a\Lp{f), Lp{f-G g) < Lp{f)-G Lp{g). 

Thus A is a self-adjoint linear subspace oi C{X) which contains constant functions, 
and so A is a matrix order unit space by Theorem 4.4 in |2]. 

Since Lp is lower semicontinuous, K = {f G A : Lp{f) < 1} is an absolutely 
convex normed-closed (and hence is weakly closed) set in A. K determines a graded 
set 

_ J AT, if n = 1, 

\ {0}, if n> 1. 

The minimal envelope JC oi K is the matrix bipolar /C®® of K.. K, is an absolutely 
matrix convex weakly closed graded set. We let £ = (£„) be the corresponding 
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matrix gauge of 1C. Since Li = Lp is a Lipschitz seminorm, £ is a matrix Lipschitz 
seminorm, = p implies that C is also a matrix Lip-norm(see Theorem 1.9 in 
M and Proposition 7.5 in |22). Therefore, {A^C) is a quantized metric space. It 
is called the minimal quantized metric space of {X, p ). The maximal envelope /C of 
K is the matrix polar (/C°)® of JC° = {K^), where 


r K°, if n = 1, 
\ {0}, if n > 1. 


Similarly, K, is an absolutely matrix convex weakly closed graded set, and the 
corresponding matrix gauge C oilC makes A into a quantized metric space. {A, C) 
is called the maximal quantized metric space of (X,p). Moreover, if C = (Cn) is an 
absolutely matrix convex weakly closed graded set with Ci = K, then 

XCCCIC, 


and the corresponding matrix gauge C = (Tn) satisfies 

IZ: ^ G hi, 

(see page 181 in 0). So (^, C) is a quantized metric space. It is called a quantized 
metric space of {X,p). 

Example 3.5. Let (^, L) be a compact quantum metric space, that is, an order 
unit space {A, e) equipped with a seminorm L, called Lip-norm, on A such that 
L{a) = 0 if and only if a G Me, and the topology on the state space S{A) of A from 
the metric 

PL(/i, i’) = sup{|^(a) - v{a)\ : L{a) < 1} 

is the w^-topology (see Definition 2.2 in ^7]). So (S'(^), Pl) is an ordinary compact 
metric space. Let A denote the set of Lipschitz functions on S{A). By Example 
EH there exists a quantized metric space structure {A^Ci) of (S(A), pjA), where 
Cl = (Li^n)- From Lemma 3.2 in UHl, A C A and Lij{a) < L{a) for a G A. Let 
II ■ II = (II ■ lU) matrix norm determined by the matrix order on {A, 1). By 

the basic representation theorem of Kadison[7], we also have that ||a|| = ||a||i for 
a G A. If L is lower semicontinuous, the embedding of A into A is isometric, that 
is, ||a|| = ||a||i and L{a) = Lip(a) for all a G A, according to Theorem 4.1 in m 
Set 

V = Ar\{A + iA). 

We denote the restriction of £i on V by £ = (L„). Then V is a self-adjoint linear 
subspace of A and contains the order unit of A. So V is a matrix order unit space. 
Because the -topology on CS{A) agrees with the BW-topology, the image of 
^ 1.1 = {a G A: Lip (a) < 1} in .A = A/Cl is totally bounded for || • Hj" by Theorem 
5.3 in EOl. Since L\ C L\ i, the image of Lj in V C A is totally bounded for || • H/", 
and so, by Theorem 5.3 in EOl, the X>£-topology on C5(V) is the BW-topology. 
Therefore, (V, C) is a quantized metric space, and the embedding of (A, L) into 
(V, C) is an isometry if L is lower semicontinuous. 

Let (V, 1) and (W, 1) be matrix order unit spaces, and let : V W be a unital 
completely positive linear mapping. Then we have the dual mapping p' : W* V* 
determined by p'{f){v) = f{p(v)). Let V* denote the dual space of V = V/(C1). 
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V* is just the subspace of V* consisting of those f G V* such that /(I) = 0. For 
any v G Mn(V) and g G Mm(VV*), we have 


< ff,‘Pn(v) »= [9kliy:>iv,j))] = [((/?'( 5 fe;))(%)] =< . 


So 11^11,6 = 1, C MmiV*) and ((p')m(C^m(W)) C C5™(V). More¬ 

over, If' is w*-continuous. Let ip’^ = {f')n\cs„iw) for G N. Then for v G PIn{V), 


fi G CSriiiW) and 7 i G 

< (E*Li 1* /*7*) , V » 


satisfying X/i=i 7i*7i = Im, we have 

= < ELi /»7*, <Pn (r;) > 

= EiLl(7i ® In)* < fi,(pn{v) > (7i (gl 1„) 

= T,i=iii^ ® !„)* < » (7i ® In) 

= < E*^=l 1* T’n. (/*)7^. » ■ 


So ipf = {fn) i® ri BW-continuous matrix affine mapping of C5(W) into C5(V). In 
particular, ip''{CSiyV)) = (v?^(C'S'„(W))) is a closed matrix convex subset of C<S(V). 
Clearly ip'^ is injective if ip is surjective. 

Let Che a matrix Lipschitz seminorm on V. On V*, we define the matrix gauge 
= {L'n) by 

L'uU) = sup {II < /, a > II : a G L);, r G N} , / G M„(V*). 

Then L'^{ip — ip) = DL^{ip,ip) for ip,ip £ C'S'„(V) by Lemma 4.3 in [ 21 ]. 


Proposition 3.6. Let (V, 1) and (W, 1) be matrix order unit spaces, and let ip : 
V I—*■ W fee a unital completely positive linear mapping which is surjective. Let C 
be a matrix Lipschitz seminorm on V, and let Cw = {Lyj^n) be a sequence of the 
corresponding quotient seminorms on W, defined by 

Lw.n(fe) = inf{L„(a) : (pn{a) = &}, fe G M„(W). 

Then 

(1) £yv is a matrix Lipschitz seminorm on W; 

(2) ip' is a complete isometry for the matrix norms C'y^ and C on W* and V*; 

(3) ip'' is a complete isometry for the corresponding matrix metrics Dcw 

Vc; 

(4) If C is a matrix Lip-norm, then so is Cw- 


Proof. ( 1 ) For &i G Mm(W),&2 G Mn{W), we have 

Lw,m+n(fel © fe 2 ) 

= inf{Lm+„(a) : (pm+„(a) = fei © fe2} 

< inf{Lm+„(ai © 02 ) : © 02 ) = fei © fe2} 

= inf{max{Lm(ai), Ln(a2)} : ipm(ai) = bi,(p„(a2) = fe2} 

= max{inf{Lm(ai) : ipm(ai) = &i},inf{L„(a2) : ipn(a2) = fe2}} 
= max{Lw,m(fei),Lw,n(fe2)}- 

If a G Mm,n, pd G Mn,m and fe G MniyV), we have 

Lw^rn{abP) = inf{Lm(a) : ipmia) = afe/3} 

< ini{LmiaaP) : ipnia) = b} 

< ||a||||/ 3 || inf{L„(a) : (/?„(a) = fe} 

= ||a||||/ 3 ||Lw.n(fe), 
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and 

Lw,n{b*) 


Given [Ay] G M„. We have 

-^W,n([Ay 1]) 


= inf{L„(a) : (pn{a) = b*} 
= inf{L„(a) : ifi„(a*) = b} 
= mi{L„{a*) : ifnia) = b} 

= inf{L„(a) : (pn{a) = b} 
= Lw^n{b). 


= inf{L„(a) : V5„(a) = [Ayl]} 
< L„([Ayl]) =0, 


and so iw.n([Ay 1]) = 0. If & = [6y] G M„(>V) with Lvv,n(&) = 0, then 
Lw,i{bij) = 0, = 


Letting 6y = Cy + idij{i,j = 1, 2, • • • ,n), where c*j = Cij,d*j = dij, we get 

-^W,! -^W, 1 {dij ) — 0, 

Since Lvv,i(cy) = inf{Li(a) : ^i{a) = Cy} and ip is positive, we have 


Lw,i{cij) = inf{Li(a) : (pi{a) = Cy,a = a*}. 

Now by Proposition 3.1 in there exists an ay G M such that Cy = ttyl. 
Similarly, there exists a /3y G K such that dy = /3yl. Therefore, b G M„(C1). 
Thus Cyy is a matrix Lipschitz seminorm on W. 

(2) Let / G Mm{W*). For any a G Mn{V) we clearly have Lyj^n{ipn{a)) < Ln{a), 
and so if Ln{a) < 1 we have 

II < {^')m{f),a » II = II < /, Pri{a) > II < LW,m(/)- 
Consequently, L'^{{(p')m{f)) < mif)- let d > 0 be given, and let h G 

MniyV) with Lw^m{b) < 1- Then there is an a G Mn{V) such that ipn{a) = b and 
Ln{a) < 1 + d. Thus, L„(a/(1 + 6)) < 1. Consequently, 


> \\<^{p')m{f),a/{l + S)^\\ 

= 11 <» 11/(1+ <5) 

= ||«/,6»||/(l + d). 


Taking the supremum over b G Mn{W) with Lvv,n(d) < 1, we see that 
L'^{{p')^{f))>L'^,^{f)l{l + 5). 

Since <5 is arbitrary, we obtain that L'^{{(p')m{f)) > L'w „(/)• Thus p' is a complete 
isometry. 

(3) By (2), we have 

V') 

= K{{^')n{4> - 

= Dl„{p^{(I)),pU'iIj)), 

where </>, V' S C'S'„(W), that is, is a complete isometry for the corresponding 
matrix metrics and X>£. 

(4) Suppose that £ is a matrix Lip-norm. Since p' is rc^-continuous, p is surjec¬ 

tive, and CSn{V) is BW-compact, {p')n is a homeomorphism of CSn{W) onto 
{p')n{CSn{W)) C CSniV). Because gives the BW-topology on CSn{V), 

■^^'‘l(>£')n(CS„(W)) 1^® relative topology of {p')n{CSn{yV)). According to 
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(3), DLw,n gives the BW-topology on CSniy^)- Therefore, £vv is a matrix Lip- 
norm. □ 

Notation 3.7. Under the conditions of PronositioTis LS.til we will say that C induces 
via ip. 

For a matrix convex set K in a locally convex vector space, let ^(K) be the set 
of all matrix affine mappings from K to C (see §6 in EH)- On the other hand, we 
have 

Proposition 3.8. Let (V, 1) be a matrix order unit spaee, and let K, = (Kn) be a 
eompaet matrix convex subset ofCS{V). View the elements of V as matrix affine 
mapping from C5(V) to C (Proposition 6.1 in m), and let W consist of their 
restrictions to IC, with (j) the restriction mapping of V onto W. Then (W, ^(1)) is 
a matrix order unit space, and K. = 4>'^{CS{W)). 

Proof. Clearly, with the natural matrix order structure on W and the order unit 
0 ( 1 ), (W, 0 ( 1 )) is a matrix order unit space. 

For ip G Kn C CSn{V), we define the mapping if : W M„ by 0(0(?;)) = p{v). 
Then if G CSnfW) and {(fn{if)){v) = if{(f{v)) = p{v) for i; G V. Thus Kn C 

0O(C5„(>V)). 

Suppose that pq G CSnifV) and po ^ Kn. By Theorem 1.6 in there is a 
V = [vij] G M„(V) and a self-adjoint a = [atj] G M„ such that 

Re <^C yi, u »< a (g) 1^, 


for all r G N, G Kr, and 


Re <C po, V a g 1„. 

So we obtain pn{fLe[ctijl — %]) > 0 for all r G N and p £ Kr. Thus 0„(Re[ayT — 
Vij]) > 0 in W. If Po = (fnfifo) for some ifo G CSniVV), we would then have that 
Re < po,v »= Re < ifo,(fn{v) »= a g 1„ - Re < ifo,(fn{[oiijl - %]) >= 
agin- < 0o,0n(Re[aijl-Uij]) >< agin- Thus, po ^ ((‘"{CSniW}). Therefore, 
K. = (f%CS{yV)). □ 

Notation 3.9. We will call the matrix order unit space (W, 0(1)) in the Proposition 
EHl the quotient of (V, 1) with respect to Af, and will identify CSfW) with IC. 
When (V, £) is a quantized metric space, (>V,£>v) is a quantized metric space 
by Proposition 13.61 (W, £vv) is called the quotient space of (V,£) with respect to 
K. and 0. 

Proposition 3.10. Let (Vi,l), (V 2 ,l) and (Vs,!) be matrix order unit spaces. 
Suppose that p ■. Vi ^ V 2 and 0 : V 2 > V 3 are unital completely positive linear 
mappings which are surjective. Denote (f = if o p. If C is a matrix Lipschitz 
seminorm on Vi, £v 2 ^'nd £123 the induced matrix Lipschitz seminorms of C 
via p and 0, respectively, and £1223 is the induced matrix Lipschitz seminorm of 
£ v 2 via if, then £1223 = £ 123 . 


Proof. This follows by exactly the same argument used for quantum Gromov- 
Hausdorff distance in nzi. □ 
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4. Quantized Gromov-Hausdorff distance 

As in the situation of compact quantum metric spaces, we need a corresponding 
notion of bridge for estimating distance between quantized metric spaces. 

Let (Vi, Cl) and (V2, C 2 ) be two quantized metric spaces with the matrix norms 
II • 111 = (II • lli.n) and II • II2 = (II • ||2,n) determined by their matrix orders on (Vi, 1) 
and (V2, 1 ), respectively. We form the direct sum Vi © V2 of operator spaces (see 
§2.6 in 53 ) • (Vi © V2, ( 1 , 1 )) becomes a matrix order unit space. 

Definition 4.1. Let (Vi,£i) and (V2,>C2) be quantized metric spaces. A matrix 
bridge between (Vi, £1) and (V2, C 2 ) is a matrix seminorm A/” on Vi ® V2 such that 

(1) A/" is matrix continuous for the matrix norm || • || on Vi © V2, that is, each 
Nn is continuous for || • ||„ on M„(Vi ® V2). 

( 2 ) Nn{{a,b)*) = Nn{a,b) for a S M„(Vi) and b G M„(V2) and n £ N. 

( 3 ) Afi(l,l) = 0 but Afi(l, 0 ) ^ 0 . 

( 4 ) For any n G N, a G M„(Vi) and e > 0 , there is a 5 G M„(V2) such that 

max{L2,„(6), Af„(a, b)} < Li,„(a) + e, 

and similarly for Vi and V2 interchanged. 

Example 4.2. Suppose (Vi,£i) and (V2,/l2) are quantized metric spaces. Choose 
ifi G C'S'i(Vi) and i/ii G C'S'i(V2). For n G N, we define Nn : M„(Vi®V2) 1-^ [ 0 , +00) 
by 

Nn{a,b) = II < (^ 1,0 > - < '01,6 » ||. 

Then Af = {Nn) is a matrix seminorm on Vi © V2, and satisfies the conditions ( 1 ), 
( 2 ) and ( 3 ) of Definition l 4 .ll For any a G M„(Vi) and e > 0 , choose 6 = [(pi{aij)l] G 
Mn{V 2 )- Then we have 

max{L 2 ,„( 6 ), A^„(a, 6 )} = 0 < Li,„(a) + e, 

and similarly if we are given 6 G M„(V2). So TV is a matrix bridge between (Vi, £1) 
and (V2,-C2)- 

Proposition 4.3. Let A/” be a matrix bridge between quantized metric spaces (Vi, Ci) 
and (V 2 ,L 2 ). Define C = (Ln) on Vi © V 2 by 

Ln{a,b) = max{Li^„(a),L 2 ,n( 6 ),fVn(a, 6 )}, a G M„(Vi ),6 G M„(V 2 ),n G N. 

Let TTi and 712 be the projections from Vi © V 2 onto Vi and V 2 , respectively, which 
are unital completely positive linear surjective mappings. Then C is a matrix Lip- 
norm on (Vi © V2, ( 1 , 1 )), and it induces Vi and V2 via tti and 712, respectively. If 
Cl and C 2 are lower semicontinuous, then so is C. 

Proof. For m G M„(Vi) and bi G Mm{Vi),i = 1 , 2 , we have 

Ln+mioi © 61,02 ® 62) 

= max{Li,„+m(ai © 6i), L2.n+m(a2 © 62), Nn+m{ai © 61, 02 © 62)} 

= max{max{Li,„(ai), Li,m(6i)}, max{L2,n(a2), L2,m(62)}, 
max{A^„(oi, 02), fVm(6i, 62)}} 

= max{max{Li,„(ai), L2,n(a2), A^n(ai, 02)}, 
max{Li,™(6i), ^2.771(62), Afm(6i, 62)}} 

= max{L„(ai,a2),L™(6i,62)}, 
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and 

Ln{{ai,a2)*) = Lr,{al,a2) 

= max{Li^„(ai), L2,nia2), Nn^al, a^)} 

= max{Li,„(ai), ^ 2 . 71 ( 02 ), 02 )} 

- Z/yj (G1 , (I 2 ) ) 

and for a G Mm,n and jS G Mn^m, we have 

Z/m(o^(ai, 0 , 2 ^ 0 } 

= Lm{aaiP,aa20) 

= max{Li^„(aai/3), L2,m(Q!a2/3), A^m(aai/3, 002/3)} 

< max{||a||Li,„(ai)||/3||, ||a||L2,„(a2)||/3||, ||a||A^„(ai, 02 )||/3||} 
= ||a||L„(ai,02)||/3||. 

Thus // is a matrix seminorm. Since 


for s,t = - ,n and [ 0 ^^] G M„(Vi © V 2 ), Ln([Ay(1,1)]) = 0 for [Xij] G M„. 

If -^77([(oij, )]) — 0, then — Z/2^77([Z7j]) — 0, and hence o^j — 

and bij = fiijl, i,j = 1,2, •• • ,n, where G C. From /V„([ay , 5^]) = 0 and 

Ni{ast, bst) < N„{[aij,bij]) for s,t = 1, 2, • • • ,n, we have 


Ni{Xijl, = 0 

and so for /, j = 1, 2, • • • , n, 

|Ay - ^iij\Ni{l,0) 


i,j = 1,2, 


,n, 


< 


Ni{{Xij — 0) 

((Aijl,/x^jT) (^2 jT,^ 2 jT)) 
-A^i(AijT,/iijT) ©/Vi(^2 jT, ^ 2 jT) 

0 . 


Thus [{aij,bij)] = [(A^T, AyT)] = [Aij(l, 1)]. So £ is a matrix Lipschitz seminorm. 

Similar to the same argument used in Theorem 5.2 of ca, we have that £ induces 
£1 and £2 via tti and 7 x 2 , respectively. By Proposition 3.1 in m, Proposition 7.5 
in [23 and Theorem 5.2 in m (see also §2 in JZj), the H^-topology on C5(Vi © V 2 ) 
agrees with the BW-topology. Therefore, £ is a matrix Lip-norm on (Vi®V 2 , (1, !))• 
Suppose that £1 and £2 are lower semicontinuous. Clearly, £ is lower semicon- 
tinuous since J\f is matrix continuous. □ 


Notation 4.4. We will denote by Al(£i, £ 2 ) the set of matrix Lip-norms on Vi©V 2 
which induce both £1 and £2 via tti and 7 x 2 , respectively. By Proposition 14.31 and 
Example 14.21 Al(£i,£ 2 ) 0 0- From Proposition 13.61 we can view C5(Vi) and 
CS{V 2 ) as closed matrix convex subsets of C5(Vi © © 2 ). 

Now we introduce our notion of distance for quantized metric spaces. 

Definition 4.5. Let (Vi,£i) and (V 2 ,£ 2 ) be quantized metric spaces. We define 
the quantized Gromov-Hausdorff distance dist 7 vc(b’i, V 2 ) between them by 

distjvc(Vi, V 2 ) = inf sup |rx“^dist2^” (CS'nCPi), C'S'„(V 2 ))|, 

C—(Ln)GA4{Ci,C2) ^ ^ 

where dist^^" (C'S'„(Vi), C'S' 77 (V 2 )) is the Hausdorff distance between CSniVi) and 
CSn(y 2 ) for Dl^. 
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Given a quantized metric space (V,£), we define its diameter d\a.Ta.{y, C) to be 
the diameter of C«S'i(V) with respect to Dl^- The following proposition indicates 
that the quantized Gromov-Hausdorff distance is always finite. 

Proposition 4.6. Let (Vi,/li) and (V 2 ,/l 2 ) be quantized metric spaces. Then 

distArc(Vi, V2) < 2 (diam(Vi, £1) + diam(V2, £2))- 

Proof. Choosing arbitrarily a > 0, ipo G C'S'i(Vi), V'o S C'S'i(V 2 ), we set 

Nn{a,b) = a“^|| < (/jq, a > - <C V'o, & > II, a G M„(Vi ),6 G M„(V2),n G N. 

As Example N = (Nn) is a matrix bridge between (Vi,£i) and (V2,£2)- By 
Proposition ^31 £ = (£«), where 

Ln{a,b) = ina.x{Li^ri{a),L2^n{b),Nn{a,b)}, a G M„(Vi ),6 G M„(V2),n G N, 

is a matrix Lip-norm in At(£i,£2). Then for (p G CSn{Vi),tp & CSn{V2), and 
(a, b) G Mn{Vi © V2) with £„(a, b) < 1 , we have 

II <C (p, a » - <C i/’, 6 > II 

<CV5, a»-<C(/Jo©---© <^50, a » || 


< 


+ 11 < To ' 


x/jQ, a > - < V'o © • • • © V'o, ^ > 


< tpo ' 


© V'o, ^ 3 > — "C » 


< II < Tij - ^D+0, a > II + a + II < i’ij - %V’o, b > || 

If n = 1, we get 

II < a > - ^ > II < diam(Vi, £1) + a + diam(V2, £2), 

by Proposition 3.1 in m- If n > 1, similar to the proof of Proposition 4.2 in m, 
there are G CSi (Vi), k = 1, 2, 3,4, such that 

T^j OtjPo — Tij Tij + ^[Tij Tij )■ 

Since £i,„(a) < Ln{a,b) < 1, we obtain 

Sij' II Tij ~ SijTOtO, 1§> II 

< (II « a > - < Ti]\a > || + || < plf,a » - < p[f,a > ||) 

< + ^Ai,i (Tif , Plf)) 

< 2n^diam(Vi, £i). 

Applying the same argument, we have 

II - Sij'ilJo,b:^ II < 2n^diam(V2,£2). 




Hence 


II < (/j,a » - <C i/j, II < 2n^(diam(Vi,£i) + a + diam(V2,£2))- 

The arbitrariness of a implies that distjvc(T’i, V2) < 2(diam(Vi) + diam(V2)) by 
Proposition 3.1 in EO). □ 

It is clear that the quantized Gromov-Hausdorff distance is symmetric in Vi and 
V2. We come to prove that it satisfies the triangle inequality. 
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Theorem 4.7. If {Vi, Ci), (V 2 ,T 2 ) and (VsjTa) be quantized metric spaces, then 
distjvc(Vi, V 3 ) < dist7vc(Vi, V 2 ) + dist7vc(V2, V 3 ). 


Proof. Given e > 0 . Then there are £12 G M{Ci,C2) and £23 G A4(£2,£3) such 
that 

sup jn'^dist^^^^’"- (C'S'„(Vi),C'S'„(V2))| < distArc(Vi, V2) + e 

nGN '' 

and 

sup (n“^dist^'^'''^'" (C'S'„(V2),C'S'„(V3))| < distivc(V2, V3) + e. 
riGN t t 

We define £ = (L„) on Vi © V 2 © V 3 by 

£„(ai, 02, 03) = max{£i2,„(ai, 02), £ 23 .n(a 2 , 03)}- 
Then for at G M„(Vi) and bi G Mm{Vi), i = 1,2, 3, we have 


Pn+m (Oi © &1,02 © &2,03 © b^) 

= max{£i 2 ,„+m(ai © & 1,02 © & 2 ), £23.n+m(a2 © & 2 , 03 © 63 )} 

= max{niax{£i2,„(oi, 02), £i2,m(&i, 62)}, inax{£ 23 ,n(a 2 , 03), £ 23 .m(& 2 , ^3)}} 
= max{niax{£i2,„(oi, 02), £ 23 ,n(a 2 , 03)}, niax{£i2,m(&i, ^2), £ 23 .m(& 2 , ^3)}} 
= max{£„(ai, 02, 03) 

; Lm {biMM)}. 


and 


£„((ai, 02,03)*) 


L^{a\,al,al) 

max{£i 2 ,n(a);, 03 ), £23,n(a2, Og)} 

max{£i2,n(ai, 02), £ 23 .n(a 2 , 03)} 
£» (01,02,03), 


and for a G Mm,n and /3 G Mn^m, we have 


£m(a(ai, 02,03)/?) = £m(aoi/ 3 ,002/3,003/3) 

= niax{£i2,m(aoi/3, 002 / 3 ), L23.m(ao2/3, 003 / 3 )} 

< inax{||a||£i2,„(oi,02)||/3||, ||o||£ 23 ,n(o 2 ,03)||/3||} 

= ||o||£„(oi,02,03)||/3||. 


Ln(ai, 02, 03) = 0 if and only if £i2,n(oi, 02) = 0 and £23,71(02,03) = 0, and this is 
equivalent to that (oi, 02, 03) G M„(C( 1 , 1 , 1 )). Therefore, £ is a matrix Lipschitz 
seminorm. 

Similar to the same argument used in Lemma 4.4 of CZl, we have that £ induces 
£12, £23) £1, £2 and £3 for the evident quotient mappings by ProDOsition Id.lOl By 
Proposition 3.1 in EOl, Proposition 7.5 in EP and Lemma 4.4 in ini (see also §2 
in [I 7 |), the P^-topology on C 5 (Vi © V2 © V3) agrees with the BW-topology. So £ 
is a matrix Lip-norm on (Vi © V2 © V3, ( 1 , 1 , 1 )). 

By Pronosition 13.61 we have 

sup jn'^dist^^” (C'S'n(Vi),C'S'„(V2))| < distivc(Vi, V2) + e, 

nGN 

sup jo'^dist^^” (C'5'„(V2),C'S'„(V3))| < distArc(V2, V3) + e 

neN ^ 


distArc(Vi, V 3 ) < sup 7 

rtGN 




and 
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distArc(Vi, V3) 

< sup„gN {CSn{Vi), CSnCl^a))! 

< sup„gN |n-2dist;;j^" (C5„(Vi), C'5„(V2)) 

+ n-2dist2^”(C^„(V2),C5„(V3))} 

< sup„gN (C5„(Vi), C5„(V2))} 

+ sup„gi, {n-^dist^^" (C^„(V2), C5„(V3))} 

< distArc(C5'rt(Vi), CS'„(V 2 )) + distArc'(C'S'rt(V 2 ), CSniV^)) + 2e. 

Since e is arbitrary, we obtain 

distjvc(Vi, V3) < distArc(Vi, V2) + distArc(V2, V3). 


□ 


Proposition 4.8. Let (V,£) be a quantized metric space, and let = (Kn'^) 
and = {Kn'^) be compact matrix convex subsets ofCS{V). If {Vj,Cj) is the 
quotient spaee of (y,C) with respect to and j = 1,2, then we have 

distArc(Vi, V2) < snp \ . 

feeN t t 

Proof. Let pi and p 2 be the projections from V © V onto the first space V and the 
second space V, respectively. Denote 

Glf^ = iplUKi% LfW = (p^)„(iL«), j = l,2, neN, 

and set j = 1,2, and /C = (iL„) = the 

BW-closed matrix convex hull of the graded set (Gn^ U Hn'^). Let (W, (/<(1 © 1)) 
be the quotient of (V © V, 1 © 1) with respect to 1C. Then 1C = ^'^(C5(W)) by 
Proposition 111. 81 

For (a, 6) G Kert/f, we have 4i{a,b) = 0, that is, <C {a,b),(p »= 0„ for ip £ 
Kn. This is equivalent to ^ {a,b),ip :$>= 0„ for ip G Gn^ U Hn\ n G N since 
(a, b) G A{1C). And this holds if and only if ^ a, pi »= 0„ and ^ b, p 2 0„ for 
Pi G Gn ^ and p 2 G Hn \ u G N, that is, if and only if a G and b G Ker^^^^. 

So Ker<f> = Keri/)^^) © Keicf^'^C And thus there is a complete order isomorphism ih 
from W onto Vi © V2. 

Given e > 0. We define a matrix seminorm Af = (Nn) on V © V by 
iV„(a,6) = e“^||a - 6||„, a,b £ Mn(y). 

Then A/” is a matrix bridge between (V, £) and (V, £), and Q = (Qn) G M.{C,C) 
by Proposition 14.111 where 

Qn{a,b) = max{L„(a),L„(6),iV„(a,6)}, a,be M„(V),n G N. 

Thus Q is a matrix Lip-norm on (V © V, (1,1)). Let V = (Pn) and {yV,P) be the 
quotient space of (V © V, Q) with respect to 1C and (f. Then V G A4(£i,£2) by 
Propositon 111.1 HI 
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Since Dp^^{ipi,if 2 ) = DQ^{cj)l{ipi),(j)l{(p 2 )) for ipi,(p 2 G CSk{W), we have that 
dist^^'“ {CSk{Vi),CSk{y 2 )) = dist^®*’ For ^ G we have 

DgAip^kW, {P2)kW) 

= sup{l| < (pDkiip), ia,b) » - < iP2)ki'ip), ia,b) » || : Qr{a,b) < l,r G N} 

< sup{|| < V', a > - < '0, & > II : Nr{a, 6) < 1, r G N} 

< e, 


that is, {G^^\ < e. Because Q G M{C,C), we get that 

dist^ 

So 






(2)^ 
k )■ 


distArc(h’i, V2) < 


< 

< 


SUPfegN \ 

j'fc ^dist^^''(( 

SUPfcgN ] 

fc-^dist^'^'" 0 

suPfeeN ] 

|fc“^dist^‘^'“ (1 

+ sapfegN|fc ^dist^"^ 

SUPfegN ] 

j'fc“^dist^'^^'' 

SUPfegN ] 

|fc“^dist^‘^'“ (1 

SUPfcgN ] 

|fc“^dist^^'' (. 


■^(1) ^(2) 

■^k ’ ^k 

'■{G^k\H^k^ 


)} 


(G(1) 


^k 

^(1) 
^k ■ 


+^' 


G 


{K, 




)} 


+ e 
+ e 


Since e is arbitrary, we obtain the desired inequality. 


□ 


Let {A, La) and {B,Lb) be compact quantum metric spaces. The quantum 
Gromov-Hausdorff distance between them is defined by 

dist5(A,^) = inf distP^{S{A), S{B)), 

where the infimum is taken over all Lip-norms L on A (B B which induce La and 
Lb (see Definition 4.2 in ini)- 


Proposition 4.9. Let {Aj, Lj) for j = 1, 2 6e compact quantum metric spaces, and 
let {Vj,Cj) be an associated quantized metric space of {Aj, Lj)(see Examvle I.V.dl) . 
Then 

distg(Ai,^2) < distArc(Vi, V2). 

Proof. Suppose Q G £ 2 )- Then Qvj.i = ^j.ifor j = 1, 2 and Lj,i(a) = Lj{a) 

for a € Aj, where Lj = Lp^, (see Example Id. 511 . So for a G Ai, we have 

Lf(a) = Lyi(a) = Qv,,i(a) 

= inf{(5i(ai,6i) : 7ri(ai,6i) = a,{ai,bi) = Vi © V2} 

= inf{(5i(a,5i) : &i G V2} 

< inf{( 5 i(a, 5 ) : & G ^2} 

= inf{i?(a, 5 ) : 6 G ^2} 

= ^Ai(a), 

where tti is the projection from Vi © V2 onto Vi and R is the restriction of Qi to 
Ai © A 2 . Denote c = inf{(5i(a,5) : b G V2}. Let e > 0 be given. Then there is a 
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y & V 2 such that Qi{a,y) < c + e. Setting x = ^{y + y*), we have that x € A 2 and 

R{a,x) = Qi(a,x) 

= Qi{a,^{y+ y*)) 

< hQi{{a,y) + {a,y)*) 

< l{Qi{a,y) + Qi{{a,y)*)) 

= Qii.a,y) 

< c + e. 


Thus if (a) = i?Ai(a) for a & Ax. Similarly, we have that L 2 {h) = RA 2 {b) for 

bGA2. So R e M{Lm)- 

For ip £ C'S'i(Vi) and ip £ CSi{V 2 ), let ipi = ip\Ai and ip\ = iP\a 2 - Then 
ifi £ <S'(£li) and ipi £ 5 (^ 2 ). Since Qi{{a,b)*) = Qi{a,b), we obtain 


DQ,iip,ip) = sup{\ip{c)-ip{d)\:Qi{c,d) <l,{c,d) €Vi+V 2 } 

= sup{t(^(c) -ip{d)\ : Qi{c,d) < l,(c, d) = {c,d)* £ Vi 0 V 2 } 
= sup{|v?i(c) - ipi{d)\ : R{c,d) < 1, (c, d) £ 0 A 2 } 

= Pr{+i,'<Pi), 


(see §2 in 23). So 

distg'(5(£li), S{A2)) = dist;^‘=^ (C5i(Vi), C5 i(V2)). 

Therefore, by Theorem 4.3 and Proposition 7.1 in ini, we have 


dist,(Ai,A 2 ) < 


< 


dist,((Ai, Li), (Ai, Lf)) + distg((Ai, Lf), (^ 2 , Li)) 
+distq((A 2 , Li), {A 2 , L 2 )) 
dist,((Ai,Lf), (A 2 ,Li)) 
distg'(5(£li), 5 ( 212 )) 


dist^®^ (C5 i(Vi),C5i(V2)) 


< sup„gN {n-2dist2®"(C5„(Vi),C5„(V2))} . 


Consequently, distq(£li, £ 12 ) < dist7vc(Vi, V 2 ). 


□ 


5. Distance zero 

In this section, we show that distArc(Vi, V 2 ) = 0 is equivalent to the existence of 
a complete isometry between them in the following sense. 

If (V, C) is a quantized metric space, then £x>£ is the largest lower semicontinuous 
matrix Lip-norm smaller than C by Corollary 4.5 in m From Proposition 7.1 
in EP, C-pc extends uniquely to a closed matrix Lip-norm on the subspace 
= {a £ V : Lf (a) < +oo}, where V is the completion of V for its matrix norm. 

Definition 5.1. Let (Vi,Li) and (V 2 ,L 2 ) be quantized metric spaces. By a com¬ 
plete isometry from (Vi, Li) onto (V 2 , C 2 ) we mean a unital complete order isomor¬ 
phism $ from V{ onto V 2 such that C\= C 20 $, that is, L^ „ = L 2 „ o $„ for all 
n £ N. 

Lemma 5.2. Let (V,£) be a quantized metric space. Then 

distNc(V, V") = 0, distNc((V, £), (V, CvJ) = 0. 

Proof. Let e > 0 be given, and define 

Nn{ai,a2) = e~^\\ai - a2||„. 
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for ai G Mn{V), 02 G Mn{V‘^) and n G N. Clearly N = {Nn) is a matrix continuous 
matrix seminorm on V 0 V^, and iVi(l, 1) = 0 and iVi(l,0) = 0. 

For n G N and oi G Mn{V) and (5 > 0, setting 02 = ai G M„(V‘^), we have 


max{L° (02), fVn(ai, 02)} = L'^{a2) = Ldl^ (02) < Ln{a2) < L„{a2) + S 
by Proposition 3.6, Proposition 7.1 and Proposition 3.4 in m Given n G N 
and 02 G and <5 > 0. By Lemma 7.3 in [2J, there is a sequence 

of elements in M„(V) such that L„ < ^'^{<^ 2 ) and converges to 02 in 

norm. Consequently, we can find an 0 ^^“^ such that e~^ — 02 < L!^{a 2 ) + S. 


So max |l„ ,iV„ < Ln{^ 2 ) + S. Thus A/" is a matrix bridge 

between {V,C) and (V“,£“). 

Define 


T„(ai,a2) = max{L„(ai),L5j(a2),iVn(ai,a2)} 
for oi G M„(V), 02 G Mn{V^) and n G N. By Proposition 14.31 C = (L„) G 
Ad(V,V°). For n G N and (p G C^nCP^), we have that ip = Lp\v G C'5'„(V), and 
hence 


= sup {II < ( 7 ri)°(i/)), (01,02) » - <C (712)“ ((/j), (01,02) » II : 

Lr(oi, O2) < 1 , (01,02) G Mr(y © V"^), r G N} 

= suplll <C V') oi ^ V’j 02 » II : 

Lr(oi, 02) < 1 , (01,02) G Mr{V © V'^), r G N} 

= suplll < oi - 02 > II : 

Lr(oi, 02) < 1 , (oi, 02) G Mr{V © V"^), r G N} 

< sup{||oi - 02||r : Tr(oi,02) < 1 , (01,02) G Mr{V © V'^),r G N} 

< e, 


where tti and tt 2 are the projections from V © 17“^ onto V and V^, respectively. For 
n G N and p G CSniy)^ there is a V) G C'S'„(V'^) such that i/'lv = 7^ by Arveson’s 
extension theorem. So 

A>l„(<^,V') 

= sup {II < (7ri)° ((/?), (01,02) > - < (7r2)^(V'), (01,02) » II : 

Lr(oi, 02) < 1 , (01,02) G Mr{V © V'^), r G N} 

= suplll < v^, oi > - <C i/), 02 > II : 

Lr(oi, 02) < 1 , (01,02) G Mr{V © V'^), r G N} 

= suplll < '0,01 - 02 > II : 

Lr(oi, 02) < 1 , (01,02) G Mr{V © V"^), r G N} 

< sup{||oi - 02||r : Tr(oi,02) < 1 , (01,02) G Mr{V © V°),r G N} 

< e. 


Thus distH^" ((7S'„(V), CS'„(V'^)) < e for n G N, and so 

sup|dist||^"(C5„(V),C,S„(V"))| < e. 
neN J 

Therefore, distArc(V, V°) < e. By the arbitrariness of e, we obtain 

distivc(V,V'=) =0. 

By Proposition 3.4 in m and the proof of Theorem 4.4 in m , we can prove 
that distArc’((V, £), (V, = 0 similarly. □ 
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Theorem 5 . 3 . Suppose (Vi,£i) and (V2,£2) are quantized metric spaces. If there 
exists a complete isometry $ from (Vi,£i) onto (V2,£2), then 

distArc(Vi, V 2 ) = 0. 

Proof. For e > 0 , we define 

Nn{ai,a2) = e“^||$„(ai) - a2||„, 

for oi G 02 G Mniy^) and n G N. Clearly TV = (iV„) is a matrix 

seminorm on Vf 0 V| and fV„((ai, 02 )*) = Nn{ai,a 2 ) for m G 02 G 

M„(V|) and n G N. And we have that A^i(l,l) = e“^||$(l) — l||i = 0 and 
iVi(l,0) = e-i||$(l) - 0||i = e-i. If {4'=^} C M„(Vf) and {af^} C M„(V|) 
with lim/c^oo = oi G M„(Vf) and limfe^oo = 02 G we have that 

limfc^oo = lim^^oo = e“^||$n(ai) - a2||n = 

A^ra(ai,a 2 ) since $ is completely bounded(see Proposition 3.5 in USD- 
Given ai G Mniyi) and 5 > 0. Taking 02 = <i)„(ai), we have 

max{L^ „(a2), A^„(ai,a2)} = max{L^ „($„(ai)), e“Dl^n(ai) - a2||} 

= < ■^i,n(ai)+^- 

While if 02 G Mniyf) and d > 0 , we can take oi G M„(Vf) such that $„(ai) = 02, 
and hence we have 

max{Lf „(ai), A^„(ai,a2)} = max{L| „($„(ai)), e“Dl^n(ai) - a2||} 

= -^2.»(a2) < £2.n(a2)+5. 

Therefore, Af is a matrix bridge between (Vf,£i) and (VIjT^)- 
Define 

£n(ai, 02) = max{Li „(ai), L2,n(a2), A^„(ai, 02)}, 
for oi G 02 G M„(V|) and n G N. By Proposition 14.31 £ = (£„) G 

AI(£f , £2). For n G N and tp G C'S'„(V|), we have that o $ G C'S'„(Vf), and so 

Dl„((/ 3 0 $,(p) 

= SUp{ II <C O dl, Ol » - <C 02 » II : 

£r(ai, 02) < 1 , (oi, 02) G Mr{V{ 0 V|), r G N} 

= sup{l| < $r(ai) - 02 > II : 

£r(ai, 02) < 1 , (01,02) G Mr{V{ 0 V|), r G N} 

< sup{||$r(ai) - a 2 ||r : £r(ai, 02 ) < 1, (oi, 02 ) G Mr(Vf 0 Vf), r G N} 

< e, 

Similarly, for n G N and f) G C'S'„(V°), we have that o < e. Thus 

we obtain that dist^^” (C' 5 '„(Vf), CS'„(Vf)) < e for n G N, and so 

sup jn-^dist^^" (C.5„(Vf), C5„(V2"))| < e. 
neN ^ 

Therefore, distArc(b’f, V2) < e. Since e is arbitrary, we conclude 

distwc(Vr,V2") = 0. 

Now, by Theorem 10 and Lemma El we have 

dist7vc(Vi, V2) < distjvc(Vi, Vi) 0 distjvc(Vi, V2) 0 distArc(V2, V2) = 0 . 

So distjvc(b’i, V2) = 0 . □ 
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Given a quantized metric space (V,£). From Proposition 6.1 in EH and the 
proof of Proposition 3.5 in the mapping 'h : V i—*■ ^(C5(V)), defined by 
'I'(a)((/3) = (p{a) for (p £ CSrlV), is a unital complete order isomorphism from V 
into A(C5(V)), and 'h can be extended to a unital complete order isomorphism ’I' 
from the completion V of V onto A(C5(V)). Define 


W(F(")) =sup. 


F^^\p)-Frm 


(")/ 


: (f ^ G CSriV),r e N 


where £ A{CS{V), Mn). Then is a matrix gauge on A(C5(V)). 

Denote 

= {f(") £ £l(C5(V),M„) : < + 00 } . 

Let = {a £ V : Ln{a) < 1} and be the norm closure of L\ in V. Denote 
= {L\) and = (L^). The matrix gauge £ = (Z„) on (V, 1) determined by 
is called the closure of C. C is closed if £ = £ on the subspace where £ is finite 
(see Definition 7.2 in EP)- 


Lemma 5.4. If £ is closed, then '1>„(M„(V)) = Kn for n £ N. 


Proof. Denote 

Ml = {4'„(a) : a £ M^{V),Ln{a) < l},n £ N, 

Lh,„ = £ A{CS{V), M„) : (F^")) < l} , n £ N, 

and set = (Mf^). Define 

L'nif) = sup {|| < /, 4'^(o) > II : Lria) < 1, a £ r £ N} , 

for / £ Mn{{A{CS{V))/{d))*), where I is the order unit of 7l(C5(V)). Here 
we view M„((H(C5(V))/(CI))*) as the subspace of M„((H(C5(V)))*) consisting 
of those / £ Mni{A{CS{V)))*) with /(a) = 0„ for a £ Cl. Clearly, £' = 
(£(,) is a matrix gauge on (H(C<S(V))/(CI))* and LKf*) = L^f) for all / £ 
Mn{{A{CS{V))/{Cl))*) , The generalized bipolar theorem says that (7W^)®® is the 
smallest weakly closed absolutely matrix convex set containing (see Proposi¬ 
tion 4.1 in 0). Since £ = (£„) is a matrix gauge and is a unital complete order 
isomorphism, is absolutely matrix convex. The closeness of £ implies that 
is normed-closed by Lemma 7.4 in m So A4^ is weakly closed. Thus 

(M^)®® =M\ 

For n £ N, we have 

(Ml)® = {4-„(a) : a £ M„(V), £„(a) < 1}® 

= {/ £ M„i{A{CS{V)))*) : II « /, vl/,(a) » || < 1 
for all a £ Mr{V), Lr{a) < 1, r £ N} 

= {/ £ M„i{A{CS{V))/{Cl))*) : II « /, 4^,(0) » || < 1 
for all a £ Mr{V),Lr{a) < 1, r £ N} 

= {/ £ M„((H(C5(V))/(CI))*) : L'M) < 1} 

and 

{Ml)®® 

= {/ 6 M„((A(C5(V))/(CI))*) : £(,(/) < 1}® 

= {F(") £ M„(H(C5(V))) : || < /,F(") > || < 1 

for all / £ Mr{{A{CS{V))/{CI))*),L{{f) < l,r £ N}. 
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So S if and only if 

for all / e Mri{A{CS{V))/iCI))*) and r G N. 

Suppose that || <C /,F(") > || < l;(/) for all f = f* € Mr {{A{CS{V))/ (Cl))*) 
and r G N. Then for g G Mj.((A(C5(V))/(CI))*), we have 


||«g,F(-)»|| = 


< 

< 

< 

< 


[1 


L'o 


2 r 


L'2r 

^2r 

L'rig) 


< g*,F(") > 
,F(") » 


0 

L 


* 

0 

) 

0 


0 

* 


0 


0 

* 

) 


0 


0 

1 


Thus F(") G (Ml)®® exactly if || < /,F(’") > || < L((/) for all / = /* G 
Mr{{A{CS{V)) / {Cl))*) and r G N. According to Lemma 4.1 in F^") G 
(Ml)®® exactly if || <C t/J, F^”) » — '0, F^”) || < L'r{ip — -tp) for all ip.tp & 

CS'^U(C5(V))) and r G N. So F(") g (M^)®® exactly if 


II < y) o 5--1, F(") » - < V' o ^-'i, F(”) » II 
< L(,((/3 o il/~l — i/; o 4>“1) 

= sup { II <((/?- V') o 'I'~1, Tfc(a) > II : Lk{a) < 1, a G Mfc(V), fc G N} 
= sup{|| ^ — i/i, a > II : Afe(a) < 1, a S Mfe(V), fc G N} 

= DLri^P.P’)- 


for all (p,'ip G CSr{A{CS{V))) and r G N. Because || <C o vh i^F^”) » — <C 
> II = ||F^^"^((p)-Fr^"^(i/>)||, F(") G (Ml)®® ifandonlyif ||Fr^"^((p)- 
Fr"'^(V')|| < Dl^{ip,iI}) for all ifyip & (^^^(^(C^Cl^))) and r G N. And this says 
exactly that F^”) G L\)^ . Therefore, M{p = for n G N. So iI'„(M„(V)) = Ar„ 
for n G N. □ 


Lemma 5.5. Let (Vi,£i) and (V 2 ,/l 2 ) be quantized metric spaces such that C\ 
and C ,2 are closed. For every matrix affine mapping ex. = (a„) from C5(Vi) onto 
CS{V 2 ) which is completely isometric for T>c^ and Vc^, there is a unital complete 
order isomorphism ip from Vi onto V 2 such that Ci = £2 o di. 

Proof. Define $ : A(C5(V2)) '—> A(C5(Vi)) by 

($(FW))^(<p)=FW(a,(<^)) 

for F^i) G A(C5(V2)) and tp G C«S'r.(Vi). Since a is isometric and matrix affine, $ is 
well-defined. Clearly, $ is unital and surjective. On the level of matrices, we have 

($„(F(")))^(<p)=F(")(a.(^)) 

for F(") G M„(A(C5(V2))) and Lp G CSr{Vi). Since F(") > 0 in M„(A(C5(V2))) 
if and only if Fr'^\(p) > 0 for all r G N and (p G CSr{V 2 ), $ is a unital complete 
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order isomorphism from A{CS{V 2 )) onto A(C5(Vi)). Since jCi and £2 are closed, 
<f> is a unital complete order isomorphism from V 2 onto Vi by Lemma |^3] That a 
is completely isometric for Vc^ and 'Dc 2 implies that ^ (‘hrt(a2)) = ^ (02) 

for all 02 G Mn{V 2 ) and n G N. Because £1 and £2 are closed, they are lower 
semicontinuous, so that £vci = on by Theorem 4.4 in ED, and similarly for 
V2. Thus is a unital complete order isomorphism from Vi onto V2 such that 
£1 = £2 o iL. □ 


Theorem 5.6. Suppose (Vi,£i) and (V2,£2) are quantized metric spaces. If 

distjvc(Vi, V2) = 0, 

then there exists a complete isometry $ from (Vi,£i) onto (V2,£2)- 
Proof. Since distArc(Vi, V2) = 0, we have 

distjvc(Vr, V^) = 0 

by Lemma l5^ and Theorem l4.7l From that distArc(Vf, V|) = 0, there is a sequence 
{£(fc)} c M(Vi © V|) of matrix Lip-norms such that 


D 


(fc) 


riSN 

So for each n G N, we have 
-2 


sup n-"dist/” iCSniV^),CSniV^)) )■ < 


k' 


D 


(k) 


n-^dist^"" {CSn{V‘l),CSnm) < 


k' 


And for (p, i/; G C'S'„(Vf), i = 1,2, by Proposition Id . 61 we have 

where tt^, i = 1, 2, is the projection from Vf © V| onto Vf. Therefore, for each n G N 
we get 

distGff(C.S„(Vn,C.S„(V2^)) = 0, 

where distG//(C'S'„(Vi), C'S'„(V|)) is the Gromov-Hausdorff distance(see Definition 
3.4 in El) between (C'S'„(Vf), and (C'S'„(V|), ^). As in the proofs of 

Theorem 7.6 and Theorem 7.7 in there is a subsequence < D }■ which 


converges uniformly on the disjoint union CS'i(Vf) U CS'i(V|) to a semi-metric 
(Ti and (Ti determines an isometry ai from CS'i(Vf) onto CS'i(V|) by the con¬ 


dition that cri((/?, ai(<p)) = 0. Similarly, there is a subsequence < D > of 


D which converges uniformly on CS'2(Vf) U C'S'2(V|) to a semi-metric a 2 

^2 J 

and (72 determines an isometry 02 from (7S'2(Vf) onto (7S'2(V|) by the condition 
that a 2 {‘p,a 2 {ip)) = 0. In general, once 








,3n,3„ + l 


£ \oi\D <k^^ 


have been choosen, there is a subsequence < D 

I ^2 

which converges uniformly on C'5'„+i(Vf) U CSn+iiV^) a semi-metric cr„+i and 
an+i determines an isometry an+i from CSn+i{Vi) onto CSn+iiV^) by the condi¬ 
tion that cr„+i((p, q;„+i(vj)) = 0. 
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Given ipi £ CSm (Vf) and 7 ^ G i = 1 , 2, • • ■ , m, satisfying Ya=i 7 i* 7 i = 1«, 

and e > 0. Let s = max{n, ni, • • • , Um}- We can find K gN such that if > 


K then 
have 


o'l — D (k. 


< f for I = n, ni, ■ 


, rZm . Now for > K we 




(E™i7rm*.E™i7rani(V5*)7i) 

^ 0***0 j Clni (v^l ) 0 ‘ * 0 C^rim ) ) “t“ 2 

A-'ni .rj 3' 

V. J- '^m. 

< inax{cr„i(</5i,Q;„j(vJi)) + I, • • ■ + f } + f 

= e. 


Since e is arbitrary, we have cr„ YZZi = 0 . But 


By Lemma 7.4 in ca, we obtain 

/ m \ m 


\i=l 


i=l 


So a = (an) is matrix affine. 

Now, by Lemma |5.5I we conclude that there exists a unital complete order iso¬ 
morphism $ from Vi onto Vf such that = C 2 o that is, 4) is a complete 
isometry from (Vi,£i) onto (V 2 ,/l 2 )* Gl 


6. Completeness 


For the metric space of complete isometry classes of quantized metric spaces 
with the quantized Gromov-Hausdorff distance, we show in this section that it is 
complete. 

Let {(Vi, 1)} be a sequence of matrix order unit space. We will denote by 0ieNVi 
the operator space direct sum that is formed of all sequences {oi} with Oi G Vi and 
suPigN ll®j|l < + 00 , and by 0(7]^Vi the operator space direct sum of Vi, V 2 , * * * , V„ 
(see §2.6 in ^2|)* Then (0ieNT’i, {!}) and (0(7;^ Vi, (1, • * * , 1)) are matrix order unit 

n 

spaces. 

Suppose we have a sequence {(Vi,£i)} of quantized metric spaces. Suppose 
further that we have a sequence {A4i} of matrix Lip-norms with A4i G A4(£i, £i+i). 
Define Q = (Qt) on OieN Vi, the full product, by 


Qk{{ai}) = sup{Mi,fc(ai, Oi+i)}, 

ieN 


{ui} G Mk 



and set 


£1 — {{oz} G 0 iGNVi : Qidoi}) < +00}. 

It is easy to check that £i is a self-adjoint subspace of 0 ieNT’i containing {!}, and 
so is a matix order unit space, and that Q is a matrix Lipschitz seminorm on £ 1 . 
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For the evident identifications, we have 

C5(Vi) C CS C CS (©”=iVj) C CS{£i), 0<i<n. 

Given a family of graded sets Si = (S'i_„), i G I. We denote by Ujg/Si the graded set 
(Uig/S'i_„). If S = {Sn) is a graded set in a vector space, we denote by mco(S) the 
matrix convex hull of S. Let Z = (Z„) = mco (UigNC5(Vi)), U = UneNCS((B^^j^Vj) 
and Wn = mco(U”^;^C5(Vi)). 

Proposition 6.1. Z and U are BW-dense in CS{£i). In particular, Wn is BW- 
dense in CS{(Bj=iVj) for n £ N. 

Proof. Since the matrix polar 

= {a G : Re <C a,, (^9 S>< Inxn for all (^3 £ Zn, r £ N} 

= {a £ Mn{£i) : (i3„(Re(a) < l^xn for all ip £ Zr,r £ N} 

= {a £ Mn{£i) : ipniln — Re(a)) > 0 for all ip £ Z^, r £ N} 

= {o £ Mn(fi) : In - Re(a) > 0} 

= {a £ Mn{£i) ■■ ||a+|| < 1}, 

we have 

ZfJ" = {/£ : Re </,a >< Inxn 

when In - Re(a) > 0, a £ Mn(©igNVi), r £ N}. 

For / £ Zff", A £ R and a = a* G Mr{£i), we have that — Re(iAa) > 0, and so 
Re ^ i\a, f l^xn- Thus 

0 = Re <C ia, / »= Re(i <?C a, / ») = —Im ^ a, / S>, 

that is, Im a, f 0. If a £ Mr{£i), a > 0 and A < 0, then In — Re(Aa) > 0 and 
so < Aa, / »= Re < Aa, / »< Inxn- Thus < a, / >> 0. Clearly, < In, / »< 
Irxrt- Therefore, 

= {/ S Mn(£*) : f is completely positive and /(I) < !„}■ 

By the bipolar theorem in matrix convexity (see Corollary 5.5 in [5]), mco(ZU {0}) 
is BW-dense in = (Z^^). Evaluting the completely positive mappings at 1, we 
see that Z is BW-dense in C5(fi). Because Z C U C CS{£i), U is BW-dense in 
CS{£i). □ 

Define Vn = {Pn,k) on by 

Pn,k{ai, ■■■ ,an) = max{ Oi+i) : 1 < i < n - I}, 

for (oi, • • ■ , On) £ Similar to the proof of Proposition 14.51 we have 

Proposition 6.2. "Pn is a matrix Lip-norm on and induces Cj, I < j < n 

and A4i and Vi, 1 < i < n — 1, via the evident projections. 

For b G and e > 0, set bn = b. Since P„+i induces we can 

find bn+i G -Tr*(©"=iT,) such that (7r„)i(6„+i) = 6„ and Pn+i,i{bn+i) < Pn,i{bn) + 
where 7r„ is the evident projection from onto ©"^^Vj. Similarly, we 

can find 6„+2 £ V,) such that (7r„+i)j(6„+2) = bn+i and P„+ 2 p{bn-e 2 ) < 

Pn+i,i{bn-\-i) + 2 ^- Continuing in this way, for t > n we get 5(_|_i £ 
such that {TTt)ilbt+i) = bt and Pt+i^i{bt+i) < Pt,i{bt) + jt- We let c = {c,} 
be the unique element of Mi Vj) such that (7rt)i(c) = bt for t > n. Then 

Qi{c) < Pn,i{b) + e- So, Pn,i{b) = Set dk = (ci, • • • ,Ck),k G N. 

j — i J ' 
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Since Vn induces < i <n — 1), via the evidence projections, 

dist^"’”" {CS,{Vk),CS,{Vk+i)) = dist2“'=" {CS,{Vk), CS,{Vk+i)). 

For m, n £ N with m < n and ^pn € CSiiyn)-, we can find Pn-i S CSi{Vn-i) with 

Dp^^i{Pn-i,V’n) < dist^'^"""''(CS',(V„_i),C'S',(V„)). 

Similarly, we can find (pn -2 S CSi{Vn- 2 ) with 

Dp„^iiPn- 2 ,Pn-i) < dist^""“^’‘(CS'j(V„_ 2 ),CS'j(V„_i)). 

Inductively, we can find tpm, • • • , Pn-i with ipk S CSi{Vk) and 

Dp^^,{ipk,Pk+i) < dist2"'=’^(ra,(Vfe),C5,(Vfc+i)), 
for m < k < n — 1. Consequently, 

n— 1 

Dp„,i{pm,Pn) < ^ dist^"^’‘(CS'i(Vj),CS'j(Vj+i)), 2<k<n-l. 

j=m 

Similarly, for (pm £ CSi{Vm) we can find a </?„ £ CSiiVn) such that the inequality 
above holds. Thus by Proposition 6.1, we have 


dist^^"" {CS,{(B]L,Vj),CS,iVn)) < 


n — 1 


Dm, 


Proposition 6.3. For m < n, we have 

. Dp^ 


i n — 1 


dist^"-^ {CS,{(BjLiVj),CS,i(B]=iVj)) < EE dist2"-''(C5fe(V,),C5fe(V,+i)). 

k —1 j—m 

Proof. For p £ C'5'i(©^^Vj), we can find a if € CSi{Vn) C CSi{(B'j^iVj) such 

that Dp^.{p,ijj) < i^^kiVj),CSkiVj+i)) from the discus¬ 

sion before the proposition. Suppose p £ CSi{®‘j=iVj) and e > 0. For each z £ N, 
U^^iCSi{Vj) is a BW-closed subset of C'S'i(©"^^Vj), and 7 *(U”^^C'S'i(Vj ))7 C 
Uj^iCSk{Vj) for all isometries 7 £ Mi^k- From Proposition 16.11 the BW-closure 
Ynco{U'j^iCSi{Vj)) of uico{U'j^iCSi{Vj)) is CS{®^^iVj), and so by Theorem 4.6 
and Theorem 4.3 in Hi, there exist pk £ CSi^iVj^^) and 7* £ Mi^^i for k = 
1,2, - ■ ■ ,s,l < jk < n,l < Ik < i satisfying J2k=i Iklk = li such that 




k=l 


For each pk^ we can find ifk £ CSi^{(B'jkiVj) so that 


n—1 


< E distS"^'''^ {CSM),CSM+W. 
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Thus 

(v?, ELi 7fe^fc7) 

< ELi 7fc</5fc7) + -Dp„,, (ELi 7fe</5fc7, ELi 7fe^fc7) 

< e + £ip„,, (^fc^i7^(/?fc7,X;Li7fe^fc7) 

< e + ® ■ ■ ■ ® ipsjipi ® ■ ■ ■ ® i’s) 

= e + max{i7p„,^((pi,^/;i),--- , Dp„,^ (</?«,-^s)} 

< e + ELi dist2“^’'= (CS.iV,), CSk{V,+^)), 

because I?p„ = (Dp^^) is a matrix metric (see Example 5.2 in EH). Since e is 
arbitrary, we obtain the desired inequality. □ 


Now for & C'S'i(©7 ^Vj), there are v^iiV'i G with 


i=i 


and 


n —1 


Dp„.ii;u^) < ^disO" (C5,(V,),C5,(V,+i)). 
i=i 
So 

-Dp„.i(<p, V') < -C)p„_,(vJ,93i)+i7p„_,{y)i,'(/'i)+ i7p„,(V'i,'(/’) 

< diam(C5,(Vi), J + 2 dist^*"^" (C5,(V,), C^*(E+i)) 

— 7 

where diam(C«S'i(Vi), J is the diameter of CiSiCl^i) with respect to Dp^ .. 

By Proposition 5.2 and Proposition 3.8 in EOl, we have 

\\dn\\T < hiPn,i{dn) < KQi^c) < h^Qi{c) + e, 


where e > 0. So there is an q;„ ^ = 


(n,z) 

OTst 


S Mi such that 


dn. 


An,i) 


(1,---,1) </ijQi(c) + e, n e N. 


Set 


Gr^,^ = {/ 3 „.i = [pi^’ 


e M, : 


dr). 


,1)1 <h,QPc) + e]. 

i ) 


Then Gn,i is a non-empty closed bounded subset of Mi. Clearly, Gn+i,i C Gn,i- So 
there exists a Po G nJEiCn.P We have 

||dn||* < ||/3o|| +/^^Q^(c) + e, P e N. 

Thus c S Mi{(Bj£nVj), and we obtain 

Proposition 6.4. For n gN, Q induces Vn via the evident projection. 


Theorem 6.5. The metric space 91 of complete isometry classes of quantized metric 
spaces, with the metric distArc, is complete. 

Proof. Let {(V„,£n)} be a sequence in 91 which is Cauchy with respect to the 
quantized Gromov-Hausdorff distance distArc- To show that {(V„,£n)} converges 
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it suffices to show that a subsequence converges. Since {(Vn,/in)} is Cauchy, we 
can choose a subsequence, still denoted by {(Vn,/!«)}, such that 

distivc(V„, Vn+i) < 

for all n £ N. By dehnition, there exist 7Vf„ = G with 

sup|fc-2dist2''"’''(C^fc(V„),C5fe(V„+i))| < 4- 
feeN '■ } z 

for all n £ N. It follows that 

OO 

V sup I fc-^distj"-'" (C5fe(V„), CSkiVr^+i))] < +00. 

Let e > 0 be given. Then there is an m £ N such that 



k ^dist 


H 


k 


(C5fc(V„),C5fe(V„+i))} 


< e. 


By Proposition 1^21 Proposition Ifi.dl and Proposition 1 ( 1.41 we have 

dist^^"^ {CS, (©”LiVj), CS, (0”=iV,)) 

< ELi distj"-'' (C5,(V,), C5,(V,+i)) 

< ELi sup.gN {fc-^distj"-'' {cSkiVj), C5fe(v,+i))} 

< (ELi^^K 


for n > m. This says that CSi{(B^iVj) is (X]I=i fc^)e-dense for Dq. in Zi. But 
CS'i(©^iVj) is BW-compact for the topology from Dq. = Dp^ . by Proposition 
O Thus CSi{(B'^iVj) is totally bounded for Dq., and so Zi is totally bounded 
for Dq.. Let Z = (Zn) be the completion of Z for Vq. We let Vq denote also the 
extension of Dq to Z. Then is a compact matrix convex set. 

For {ui} £ Mn{6i), we have 


m m 

^ X! 'll® {a*} > (7i ® In), 

1=1 i=i 


{®i} X)fc=i '^feV'fcAfe, {oi} ^ 

^ ({©D-Dq,, (EJLi 7lPi7p ELi K'^kXk) 

< Qn{{ai})DQ^ (T,T=i 7lPi7i, ELi AfeV'feAfc) , 


where ipj £ CS'^^.(V^J, i/>fc £ CS’mjVjJ, and and Afc £ satis¬ 

fying X)yLi7l7j = In and J2k=iK^k = In- So the map $ : £i ^(-Z'), given 

by 






m 


= E 


7>i(a9,)7i, 


for {Oi} £ £i, tpj £ C'5'n^.(VqJ and y^- £ satisfying = In, is well- 

defined and $({ai}) can be extended to an element <i>({ai}) £ A{Z). Moreover if 
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{tti} > 0 in £i then $({ 0 ^}) > 0 in A(Z) and $({!}) = I. Thus £1 can be regarded 
as a matrix order unit subspace of A(Z). 

Define the map ■ -^r CSr{£i),r G N, by 

^r(^)({ai}) = «'({ai})(z), 

for z £ Zr and {ui} G £1. Clearly, ib is continuous. For 2: = ^ 

with ipj G CSnjiVqj), Jj G Satisfying J^jLi = Ir, we have 

^'fyz)({afy) = «'({ai})(z) = ^'({a.Dfy) = z{{ai}), 

that is, 'l'r.('Z) = z. Since is dense in CSr{£i) and Z^ is compact, we obtain that 
'i'riZr) = CSri£l). 

If 21,22 G Zr with 2 i fy 22 and k = Dq^{zi, Z 2 ), we can find yi,y 2 € Z^ such 
that DQ^{zi,y^) < |,i = 1,2. Thus DQ^{yi,y 2 ) > |. So we can find {wj G 
Mr{£i) with Qr{{wi}) < 1 and || < {wi},yi > - < {wi},2/2 » || > |. But 
< 1 SO that II <C <^r{{wi}),Zi » - < > || < = 

1,2. Thus II < $r({'Wi}), 2 i » - < ^r{{wi}),Z 2 » || > 0. Therefore, iPr is 
injective. So ihr is a homeomorphism of Zr onto CSr{£i) for r G N. From this we 
see that the PQ-topology on C5(£i) agrees with the BW-topology. Hence Q is a 
matrix Lip-norm on £i. 

By Proposition 1^21 and Pronosition lb.41 we obtain 

OO 

Vsup|fc-2dist^«'=(C5fe(V„),rafc(V„+i))| < +00, 

n=i 1 J 


which indicate that, for fc G N, {CS'fc(V„)} is a Cauchy sequence for dist^®*^, and 
has a limit C CSk{£i)- Clearly /C = {Kk) is a compact matrix convex set. 

Because £i is completely order isomorphic to a dense subspce of H(C5(£i)) 
(Proposition 6.1(1) in [ 2 ]), we can view £i as a dence subspace of H(C5(£i)). Let 
(j) be the map which restricts the elements of H(C5(fi)) to K, and V = (t>{£i)- Then 
(V, Qv) is a quantized metric space. 

Given e > 0. Then there is an fV G N such that 


E 


sup 

kGN 


^dist^'*'' 


(C'5fe(V,),rafc(V,+i))} 


< e, 


n > N. 


For fc,p G N, we have 

k-^dist’^’^^ {CSk{Vn),CSk{,Vn+p)) 

< E”=r' (CSkiV,), CSkiV,+^)) 

< E“„supfcgN {k-^distH‘^’‘{CSk{V,),CSk{V,+i))} 

< e, 

for n > N. Letting p —> -|-cx), we obtain 

fc-2dist2‘''=(C5fe(V„),iFfc) <e, 


QUANTIZED GROMOV-HAUSDORFF DISTANCE 


27 


for k gN, and so |fc (CSkiVn), Kk)'^ < e. By ProDOsition l4.8l for 

n > N we have 

distArc(V„, V) < sup|fc“^dist^®‘^(C'S'fc(V„),/ffe)| < e. 

feeN '■ J 


Therefore, lim„^oo distArc(V„, V) = 0. 


□ 


7. Matrix approximability 


In this section, we establish a matrix approximability theorem for 1-exact matrix 
order unit spaces. 


Lemma 7.1. Let {V,C) he a quantized metric space and let x = [xst] € Mkiy), 
Xst = x^st + with (xi^^)* = x^J^^ for p = l,2,s,t = 1,2,-- - ,A:. Suppose 
G for p = l,2,s,t = 1,2,---,A:. Then ||ai - [(AiJ’ + zAit^)l]||fc < 

2fc^Lfc(a^)diam(V, C). 


Proof. By Proposition 2.11 in |H|, we have 


X — 




< 

< 


< 

< 


V c+ J- 


E 2 

p—1 2^s,t—i 


r,(2) _ )^(2)7 

^ S-f- 


-Ai?l 


ELi Eb=i ri(a^i?)diam(V,£) 
2L/c(a;)diam(V, C) 
2k'^’Lk{x)dia,m{V, C). 


k 


□ 


An operator space X is said to be 1-exact if for every finite-dimensional subspace 
£ fl X and A > 1 there is an isomorphism a from £ onto a subspace of a matrix 
algebra such that ||a||cb||a“^||cb < A. A matrix order unit space (V, 1) is said to be 
1-exact if it is 1-exact as an operator space. 

Theorem 7.2. Let (V,£) be a quantized metric space. If V is 1-exact, then for 
every e > 0, there is a quantized metric space such that 

distArc < e. 

Proof. Since V is 1-exact, by Lemma 5.1 in |2| there is a unital complete order 
embedding t : V i—> 'B(IK) and a net 

V 'BitK) 

of unital completely positive mappings through matrix algebras such that t/jx o ipx 
converges pointwise to t. Given e > 0. By Lemma 7.2, we have 

LI = 52 diam(V.C) 

where ^ 2 diam(v,z:) = |q g y ■ ||q||^ < 2diam(V, T)}. From Proposition 

7.5 in [2l], jg totally bounded for || • ||i. So there is a A^ such that 

Wi'ipx, O (pxj{x) - x\\ < ^, xGL\. 

Denote W = (px,{V) and Qk{y) = inf{Lfe(x) : {tpxjkix) = y} for y G MkiW) and 
kGN. 
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We define 

Nk{x,y) = ^K^xjkix) -y\\k, {x,y) e M/c(V© W),/c £ N. 

It is clear that I\f = (-/V/c) is a matrix seminorm on V©VV and satisfies the conditions 
(1), (2) and (3) of Definition 14.11 For x G MkiV) and i5 > 0, we can choose 
y = {‘Pxjkix). Then 

max{Qkiy),Nkix,y)} = Qk{y) < Lk{x) < Lk{x) + 

For y £ Mk{W) and <5 > 0, we can take x £ MkiV) such that y = {(pxjk{x) and 
Lk{x) < Qk{y) + <5. Then 

max{Lfe(x),fVfc(x,y)} = Lk{x) < Qk{y) + <5- 
So A/" is a matrix bridge between (V, C) and (W, Q). Define 

Pk{x,y) = ma.x{Lk{x),Qk{y),Nk{x,y)}, {x,y) £ Mk{V ®yV),k £ N. 

Then V = (Pk) £ M.{C, Q) by Proposition 14.31 If / £ CSk{W), we have / o £ 
CSk(y) and 

Dp^ifJopxJ 

= sup{|| </,?/>-< fopx,,x:^ II : Pk{x,y) < I, {x,y) £ Mk{V ®W)} 

= sup{|| f,y- {(pxjk{x) » II : Pk{x,y) < 1, {x,y) £ Mfe(V ©W)} 

< sup{\\y - {pxjk{x)\\k ■■ Pk{x,y) < I, {x,y) £ MkiV © W)} 

< f 

On the other hand, if 5 £ CSk{V), g can be extended to a 5 £ C'S'/c(!B(df)) by 
Arveson’s extension theorem. We have 'g o ipx^ £ CSk{W) and 

Dp^{g,gojPxJ 

= sup{|| < » - < go » II : Pk{x,y) < 1 , {x,y) £ Mk{V © W)} 

= sup{|| < g,x - (V'Ajfe(?/) > II : Pk{x,y) < I, (x,g) £ Mfe(V ©W)} 

< sup{|| <g,x- (V'A, opx,)k{.x) » II + II <^go'tljx^,{pxJk{x) - 2 /> || : 
Pk{x, y) < 1, (x, y) £ Mk{V © W)} 

< sup{||x- (V'A, opxJk{x)\\k + ||(‘/?Ajfc(a;) -y\\k ■■ 

Pk{x, y) < 1, (x, y) £ Mk{V © W)} 

< sup { EL=i W^ij - {^Ae o ^xJixij)\\i : Pk{x,y) < 1, 

(x,g)£Mfe(V©>V)} + f 

- + 1) f 

So we obtain that distArc(V, W) < |. 

Since W C is finite-dimensional, K = Q\ \s a. normed-closed (and hence 

weakly closed) absolutely convex set in , and = {Q\) is a normed-closed 
(and hence weakly closed) absolutely matrix convex set in . Then for the 
corresponding matrix seminorm IZ = (Rk) of the maximal envelope 1C oi K in 
(see Example 13.41 . we have 

^1 = Qn — *3felM*,(w) ’ k gN, 

(see page 181 in ^). It is clear that is a matrix Lipschitz seminorm. Since 
the image of Q\ = Rl in W/(C1) is totally bounded for || • H'" and W C 
the image of R\ in M„^^/(C1) is totally bounded for || • H'". By Theorem 5.3 in 
m, I? 7 j-topology on CS{Mn^^) agrees with the BW-topology. So 7^ is a matrix 
Lip-norm on (M„^^,l). By Lemma 3.2.3 in pp, there is a (real linear) projection 
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T from {Mn^Jsa onto (W)sa with ||r|| < n\^. We define S : i—> W by 

5'(a + ib) — T{a) + iT{b) for a, 5 S )sa- Then S' is a bounded linear mapping 

with ||S|| < 2n\^. Define 

Nk{x) = max i^Qk{Sk{x)), Rk{x), ^\\x - Sfe(ai)||fe| , x G Mk{Mn^J,k G N. 

It is clear that Af = (iVfe) is a matrix Lip-norm on since Rk < Nk for all 

fc G N and is a matrix Lip-norm. And for y G Mk(VV), we have 

Nkiy) = max {Qk{Sk{y)),Rkiy),^\\y - Sk{y)\\k} 

= max {Qk{y),Rk{y)} 

= Qkiy)- 

Define 

Xk{x,y) = ^\\y- Sfc(a;)||fe, {x,y) G Mk{Mn^^ ®W),k G N. 

It is clear that Af = {Nk) is a matrix seminorm on © W and satisfies the 

conditions (1), (2) and (3) of Definition 14.11 For x G Mk{Mn^^) and 5 > 0, we 
choose y = Sk{x). Then we have 

max{Qk{y), Xk{x,y)} = Qk{Sk{x)) < Nk{x) < Nk{x) + 6. 

For y G MkiW) and 5 > 0, we choose x = y. Then we have 

max{Nk{x),Xk{x,y)} = Nk{y) = Qk{y) < Qk{x) + S. 

So A = (Xk) is a matrix bridge between J, A/") and (W, Q). Define 

Yk{x,y) = max{Nk{x),Qk{y),Xk{x,y)}, {x,y) G Mk{Mn^^ ®W),k G N. 

Then y = {Yk) G AA{Af, Q) by Proposition 14.31 For ip G if) = (p|w G 

CSkiW) and 

{‘f^ V') 

= sup{|| < » - < '0)2/ > II : (a;,?/) G Mk{Mn^^ © W),Yk{x,y) < 1} 

< sup{jj <C X » - <C Sk{x) » + Sk{x) » — <C y 3> II : 

(x, y) G Mk{Mn^^ © W), Yk{x, y) < 1} 

< sup{||x - Sfc(x)||fc + ||Sfc(x) - y||fc : (x,?/) G © W), yfe(x, y) < 1} 

< §■ 

For Ip G CSfeCW), V' can be extended to a (/J G CSk{Mn^J by Arveson’s extension 
theorem. We have 

= sup{l| < (/3,x > - <Ci/;, y > II : (x.y) G Mk{Mn^^ © W),Yk{x,y) < 1} 

< supjil <C > - < ‘fiySkix) > + < tf,Sk{x) > - < (p,y > II : 

(x,y) G Mk{M„^^ ®W),Yk{x,y) < 1} 

< sup{||x - Sfc(x)|| + ||Sfc(x) - y|| : (x,y) G Mk{Mn^^ © W),Yk{x,y) < 1} 

< i- 

So distjvc(W, Therefore, 

distATc< distArc(V,>V) + distArc(>V, J < e. 

□ 
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8. Sphere as the limit of matrix algebras 


Let G be a connected compact semisimple Lie group with a continuous length 
function I on G, which satishes the additional condition l{xyx~^) = l{y) for all 
x,y G G. Fix an irreducible unitary representation {U,H) of G. Then {U,H) have 
a highest weight vector of norm 1, unique up to a scalar multiple. Let P be 
the rank-one projection for Denote by H the stability subgroup for P under 
a. For any n e N, we form the inner tensor power of 

Let denote the subrepresentation generated by Then 

is irreducible with as highest weight vector. We let 
The action of G on by conjugation by is denoted by . We let A denote 
the action of G on G/H, and so on A = C{G/H), by left-translation. We denote 
the corresponding Lip-norm for and I on by that is, 

= : x^c.xGgX, 

[ Px) J 

and we denote the Lip-norm for A and Z on Al by L, that is, 

r C f ll'^a;(/) — /||oo ^ ^ /^1 f ^ /I 

L{f) = sup I- — - : a; yt e, a; G Gj- , f G A, 

here we view G{G/H) as a subalgebra of G(G). By Theorem 3.2 in m, the quan¬ 
tum metric spaces converge to {A,L) for quantum Gromov-Hausdorff 

distance as n goes to oo. In this section, a more general statement is established. 
Let II • ||oo = (II • ||oo,fc) be the matrix norm on Al. Set where 


4"^(r) = sup. 


l{x) 


x ^ e,x G G 


T=[Pj] GMfe(6('*)),A:GN, 


and C = (Lfe), where 

Lfe(/)=sup|MMz^M4A . a;y^e,xGG|, / = [/y] G Mfe(Al), G N. 

Then {B^^\C^^'>) and {A, C) are quantized metric spaces for all n G N by Example 
6.5 in 1^. As in ^H|, we will not restrict C to the Lipschitz functions. Let 
denote the rank-one projection for We denote the corresponding Berezin 

symbol mapping from to Al by Then is unital, positive, norm- 

nonincreasing and af"L^_equivariant (see page 73 in JH). For fc G N and T = 
[P,,] G Mfc(p(")), define 

(T^\x) = [al^^,{x)\, X gG. 

For e > 0, define 

iVfc(/,r) = e-i||/ - 4"^||oo.fc, / G Mfe(Al),r G Mfe(p(")), 

and denote M = (Nk). 

Lemma 8.1. For any T G Mfc(P*^”^), we have 

L, (a4) <L4(r) + e. 
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Proof. Since is a unital positive mapping from to A, cr^”^ is unital com¬ 
pletely positive and hence \\a by Theorem 3.8 and Proposition 3.5 in m 

So we have 


< 


< 


Lk{a^^) 


sup 






sup < 


l{x) 






> 


sup ^ 


4”)(r) 

4”^r) + e, 


l{x) 


: X ^ e,x € G 


: X ^ e,x G G 


: X ^ e,x G G 


by the a^"^-A-equivariation of cr^"^. 


□ 


Put on A the inner product from L'^{G/H), while on its Hilbert-Schmidt 
inner product. Then the mapping from to A has an adjoint operator 
from A to For any T S a function f G A such that = T 

is called a Berezin contravariant symbol for T. Moreover, is unital, positive, 
norm-nonincreasing, and A-a*'"^-equivariant (see page 75 in |18p. From Theorem 
3.10 and Proposition 3.5 in m, d-(") is unital completely positive and ||ct (")||c6=l. 
So by the same argument as in the proof of Lemma l8.II we obtain: 

Lemma 8.2. For any f = [fij] G Mk{A), we have 

4") (d4)<L,(/) + e, 

where ap"' = [djy] G Mk{B^^'^). 

Denote 


= sup{|| < /,(p »-</,?/>» II : Lr{f) < 1,/ G Mr{A),r G N}, 

for (p,ip G GSkiA), fc G N, and 

hpM{x) = , X G G/H, 

where denotes the usual (un-normalized) trace on and is the dimension 
Set 

7^"’=/ DL,{e,y)hp(„){y)dy, 

Jg/h 

where every y G G/H is naturally identified with an element y of CSi{A). Then: 
Lemma 8.3. For f G Mk{A), we have 

ll/-^(")(4”))IUA<7(")ife(/). 
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Proof. Suppose / = [fij]. Then for any x € G/H, we have 


< 

< 

< 


fix) - {a^^\af^)){x)\\ 

Ig/h - fijiv)) hpM{y~^x)dy 

Ig/h - hiy)] hp(n){y-^x)dy 

Ig/h - fijiy)]\\ hpMiy-^x)dy 

Lkif) Jg!H Dp, {x, y)hpin.) iy~^x)dy 
Lkif) fa IP Dp, (e, y)hp(„) {y)dy 


by the formula (2.2) in JS]. So 


11/ - = max{||/(x) - (a(")(aj")))(x)|| : x e G/H} < ^^^^Lpif). 


□ 


Since the sequence converges to 0 as n ^ oo (see page 80 in CHI), there 

is an 7Vi e N such that | for n > So we obtain: 

Proposition 8.4. For n > Ni, Af is a matrix bridge between (S*^"\£*^"^) and 
{A,C), and hence Q = (Qk) S At(£^"'\£), where 

Qkif,T) = max{Li^\T),Lkif),Nkif,T)}, (/, T) £ M,(S(") © .4). 

From Theorem 6.1 in CBl, we have: 

Lemma 8.5. There is an N 2 GN such that 

T - <^Lj”^(r), 


for all T £ and n > N 2 . 

Theorem 8.6. With notation as above, the quantized metric spaces (S*'"'^£*-"^) 
converge to {A, C) for quantized Gromov-Hausdorff distance as n goes to 00 . 

Proof. Given e > 0. Choose N = maxjA^i, A^ 2 }- Then for n > N, we have that Q £ 
At(£("),£) by Proposition 10 Given ^ £ CSkiA). we have v5ocr(") £ GSk{B<-^^), 
and 

^Lfc(ip,£OCr(")) 

= sup{|| <</?,/>- <C O cr("), T > II : L^ifjT) < 1, 
if,T) £ Mr(A©S(")),r £ N} 

= sup{|| » II :£.(/, T) < 1, (/, T) £ M,(A © S^), r £ N} 

< sup{||/ - 4”^ 11^,, : Lrif, T) < 1, if, T) £ MriA © S(")), r £ N} 

< £• 
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On the other hand, if i/' £ then '0 o a^^'> £ CSk{A), and 

= sup{|| < 0 O / > - < 0,r » II : Lk{f,T) < 1, 

(/,T) GMfe(^©S("))} 

= sup{|| - r» II :Lfe(/,T) < 1,(/,T) eMfc(^©S(-))} 

< sup{||4”) -T|| : Lfe(/,r) < l,(/,r) G Mu{A®BA))} 

< sup{||4”^ -d(")(4”^)|| + ||d(")(a4) -7^11 : Lu{f,T) < 1, 

(/,T) GMfe(^©B("))} 

< 11/- 4"^lloo,fe +sup{||d(”)(4”^) -T|| : Lk{f,T) < 1, 

(/,T) GMfe(^©S("))} 

< i + 

< k^e, 

by Lemma 1^21 Therefore, for n > iV, we have 

dist7vc(S‘^"'\^) < e, 
that is, lim„^oo distArcl^*-”/•^) = 0- 


□ 


Acknowledgements 

I am grateful to Marc Rieffel for valuable discussions. I also thank Hanfeng Li 
for helpful comments. This research was partially supported by Shanghai Prior¬ 
ity Academic Discipline, China Scholarship Council, and National Natural Science 
Foundation of China. 


References 

1. B. Blackadar, E. Kirchberg, Generalized inductive limits of finite-dimensional C*-algebras, 
Math.Ann. 307 (1997), 343-380. 

2. M. -D. Choi, E. G. Effros, Injectivity and operator spaces, J. Fund. Anal., 24 (1977), 156—209. 

3. A. Connes, Compact metric spaces, Fredholm modules, and hyperfiniteness, Ergodic Theory 
Dynam. Systems,9(2) (1989), 207-220. 

4. E. G. Effros and C. Webster, Operator analogues of locally convex spaces. Operator algebras 
and applications(Samos, 1996), 163—207, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 495, 
Kluwer Acad. Publ., Dordrecht, 1997. 

5. E. G. Effros, S. Winkler, Matrix convexity: operator analogues of the Bipolar and Hahn- 
Banach theorems, J. Fund. Anal., 144 (1997), 117-152. 

6. M. Gromov, Metric structures for Riemannian and non-Riemannian spaces, Birkhauser 
Boston Inc., Boston, MA, 1999. 

7. R. V. Kadison, A representation theory for commutative topological algebra. Mem. Amer. 
Math. Soc., 7, 1951. 

8. D. Kerr, Matricial quantum Gromov-Hausdorff distance. J. Fund. Anal., 205 (2003), 132- 
167. 

9. D. Kerr, H. Li, On Gromov-Hausdorff convergence for operator metric spaces, 
arXiv:math.OA/0411157 v2, 2004. 

10. H. Li, 6-deformations as compact quantum metric spaces, to appear in Comm. Math. Phys., 
arXiv:math.OA/0311500 

11. N. Ozawa, M. A. Rieffel, Hyperbolic group C*-algebras and free-product C*-algebras as com¬ 
pact quantum metric spaces, to appear in Canad. J. Math., arXiv:math.OA/0302310 

12. V. 1. Paulsen, Gompletely bounded maps and dilations, Pitman Research Notes in Mathematics 
Series, 146. Longman Scientific Sz Technical, Harlow; John Wiley Sz Sons, Inc., New York, 
1986. 

13. G. Pisier, Introduction to operator space theory, London Mathematical Society Lecture Note 
Series, 294. Cambridge University Press, Cambridge, 2003. 


34 


WEI WU 


14. M. A. Rieffel, Metrics on states from actions of compact groups, Doc. Math., 3 (1998), 215- 
229. 

15. M. A. Rieffel, Metrics on state spaces, Doc. Math., 4 (1999), 559-600. 

16. M. A. Rieffel, Group C*-algebras as compact quantum metric spaces, Doc. Math., 7 (2002), 
605-651. 

17. M. A. Rieffel, Gromov-Hausdorff distance for quantum metric spaces, Mem. Amer. Math. 
Soc. 168 (2004), 1-65. 

18. M. A. Rieffel, Matrix algebras converge to the sphere for quantum Gromov-Hausdorff distance, 
Mem. Amer. Math. Soc. 168 (2004), 67-91. 

19. C. Webster, S. Winkler, The Krein-Milman theorem in operator convexity, Trans. Amer. 
Math. Soc., 351 (1999), 307-322. 

20. W. Wu, Non-commutative metric topology on matrix state spaces, to appear in Proc. Amer. 
Math. Soc., arXiv:math.OA/0410587 

21. W. Wu, Non-commutative metrics on matrix state spaces, arXiv:math.OA/0411475 

Department of Mathematics, East China Normal University, Shanghai 200062. P.R. 
China 

E-mail address: wwu@inath.ecnu.edu.cn 

Gurrent address: Department of Mathematics, University of California, Berkeley, CA 94720- 
3840 

E-mail address: wwu@inath.berkeley.edu 


